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1. Introduction
Let F be a totally real number ﬁeld of degree n over Q with OF as the ring of integers. Suppose
F∞ is the Zp-extension of F . In 1970, Mazur noticed that p-Selmer group Selp(E/Q∞) of an elliptic
curve E deﬁned over Q is Λ-cotorsion where Λ = Zp[[Gal(Q∞/Q)]]. Then he in [11] formulated the
Iwasawa main conjecture for elliptic curve deﬁned over Q in the cyclotomic direction when p is a
good ordinary prime. This conjecture claims that characteristic ideal of Selp(E/Q∞) is generated by
Mazur and Swinnerton-Dyer p-adic L-function deﬁned in [10] or [12]. However, when p is a super-
singular prime, Selp(E/Q∞) is not Λ-cotorsion anymore. Especially, when ap(E) = 1+ p− E(Fp) = 0,
Pollack in [15] constructed plus/minus p-adic L-functions of E such that
Lp(E,α, T ) = L+p (E, T ) log+p (1+ T ) + L−p (E, T ) log−p (1+ T ),
where L±p (E, T ) ∈ Λ, and α is one root of the Hecke polynomial of E at p. The p-adic L-function
Lp(E,α, T ) actually has inﬁnite many zeros, so it does not lie in Λ, while log
±
p (1 + T ) absorb the
unbounded parts. One can refer to Section 4.2 for the deﬁnitions of log±p (1 + T ). Kobayashi then
deﬁned two subgroups Sel±p (E/Q∞) of Selp(E/Q∞). He proved that they are Λ-cotorsion and related
them to plus/minus p-adic L-functions L±p (E, T ) in the sense of Iwasawa main conjecture. Progress in
proving Iwasawa main conjecture for E when ap(E) = 0 has been made by Kobayashi himself (see
[8]), and in CM case by Pollack and Rubin (see [16]).
Later, Kim, Park and Zhang hoped to generalize this idea. In [7], they actually tried to prove the
analogous plus/minus Iwasawa main conjecture for supersingular elliptic curve E/L with CM by an
imaginary quadratic ﬁeld K , where L is an abelian extension of K . In this case, p-adic L-function of E
should be the product of two p-adic L-functions of Hilbert CM forms. In their paper, they added some
restrictions on E and on L so that they could avoid using the theory of p-adic L-functions of Hilbert
modular forms since such a theory was not quite complete then.
The theory about p-adic L-functions of automorphic forms on reductive groups was intensively
studied using different ways by many mathematicians, such as Manin (see [9]), Katz (see [6]), and
Hida (see [5]) in ordinary case, and Višik (see [21]) in non-ordinary case. In [13] and [2] (also refer
to [14]), Panchishkin and Da˛browski studied p-adic L-function of Hilbert modular forms f . In [2],
Da˛browski constructed p-adic L-function of Hilbert modular form using Rankin–Selberg convolution,
though it seems that some of the theorems there missed complete proofs. In Theorem 2 in [2], he
proved a growth condition of the p-adic L-function of Hilbert modular form which is not as strong as
conjectured. I will reformulate some of the results and give new proofs. In Section 3, or speciﬁcally
Theorem 3.10, I am going to show that the p-adic L-function of f is the non-archimedean Mellin
transform of an h-admissible measure where h is given by the difference of the Newton polygon and
Hodge polygon of the motive M( f ) associated to f if f is motivic.
In this paper, ﬁrst, I recall brieﬂy the work of Shimura on Rankin–Selberg convolution of Hilbert
modular forms, and apply it to construct distributions μ f attached to f so that μ f (χ) leads to special
values of L( f ,χ, s) for ﬁnite order Hecke characters χ of F . Then the result of p-adic L-function of f
together with growth condition is stated in Theorem 3.11. Notice that p-adic L-function Lp,μ f of f is
a function deﬁned on the set of ﬁnite order Hecke characters denoted by X torsp the strict deﬁnition of
which is referred to Section 3.1, such that
Lp,μ f
(
χN(xp)
m)= L( f ,χ,m), for χ ∈ X torsp .
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analytic properties of this one variable function L˜ p,μ f . I will prove the result about the inﬁnitude of
zeros of L˜ p,μ f . When the Fourier coeﬃcient of f is zero at certain prime p of F which is above the
prime number p, plus/minus p-adic L-functions can be constructed in the spirit of Pollack. And they
both have bounded coeﬃcients, thus ﬁnitely many zeros. If the elliptic curve E over F is modular,
it corresponds to a Hilbert modular form of parallel weight 2. So p-adic L-functions of E is a spe-
cial case of Lp,μ f . Thus plus/minus p-adic L-function of elliptic curve E/F when ap(E) = 0 for p|p
can be obtained. They will be used to make the Iwasawa main conjecture of supersingular elliptic
curve E/F .
The setup of this paper is as follows. In Section 2, I review relevant topics in Hilbert modular form
and Rankin–Selberg convolution. In Section 3, following the method of Panchishkin, I discuss the
construction of h-admissible measure using distribution theory so that the non-archimedean Mellin
transform of the h-admissible measure is the p-adic L-function of Hilbert modular form. Considering
the p-adic L-function of Hilbert modular form as a function with the cyclotomic variable, I study the
inﬁnitude of its zeros in Section 4 and deﬁne plus/minus p-adic L-functions. The application of the
theory to elliptic curves is discussed in Section 5.
2. L-functions of Hilbert modular forms and Rankin convolutions
Denote by DF the discriminant of a totally real number ﬁeld F , so DF = N(δ) where δ is the
different of F/Q. Let J F = {τi}ni=1 be the set of all the embeddings of F into R.
An element k = (k1, . . . ,kn) in Zn is called a weight vector. We always assume ki  2 for any i,
and k1 ≡ · · · ≡ kn (mod 2). For GL2(F ), its adelization denoted by GA can be identiﬁed with GL2(FA).
Using the notations in [19], for an integral ideal c ∈ OF and a ﬁnite order Hecke character ψ of F ,
let Mk(c,ψ) denote the space of weight k adelic Hilbert modular form of holomorphic type with
level c and character ψ . At the same time, Hilbert modular forms as holomorphic functions on Hn
(n tuples of upper half plane) with respect to a congruence subgroup Γ of GA can also be deﬁned.
The relations can be described as
Mk(c,ψ) ∼=
r⊕
i=1
Mk(Γti ,ψo), (1)
f → ( f1, . . . , fr) (2)
where r is the number of the narrow ideal class group of F and we can choose {t1, . . . , tr} as a set
of representatives. Γti ’s are certain congruence subgroups corresponding to ti ’s whose deﬁnitions are
omitted here. One can refer to [19] about it. The character ψo : (OF /c)× → C× is the c-part of ψ .
Notice that the isomorphism (1) can be extended to the space of C∞ Hilbert modular forms.
For each f i ∈ Mk(Γti ,ψo), it has the Fourier expansion
f i(z) =
∑
ξ
ai(ξ)eF (ξ z), for z ∈ Hn
where ai(ξ) ∈ C, and ξ runs over 0 and all the totally positive elements in ti . For f ∈ Mk(c,ψ), we
have the following expansion:
f
((
y x
0 1
))
=
∑
0ζ∈F or ζ=0
c(ζ yOF , f )yk/2eF (ζ iy∞)χF (ζ x)
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to the relation of f and f i mentioned above, it can be veriﬁed that:
c(m, f ) =
{
ai(ξ)ξ
− k2 , if m is an integral ideal and m = ξ t−1i ,
0, if m is not integral.
Let Sk(c,ψ) ⊂ Mk(c,ψ) be the subspace of cusp forms. The Peterson inner product is deﬁned for
f = ( f1, . . . , fr) ∈ Sk(c,ψ) and g = (g1, . . . , gr) ∈ Mk(c,ψ) as
〈 f , g〉c =
r∑
i=1
〈 f i, gi〉c
where
〈 f i, gi〉c = μ
(
Γti \ Hn
)−1 ∫
Γti \Hn
f i(z)gi(z)y
k dμ(z)
and dμ(z) =∏nj=1 y−2j dx j dy j . For later use, I want to mention here that μ(Γti \ Hn) as the volume
of Γti \ Hn depends only on c but not on ti , so I denote this value by Φ(c).
Take a primitive Hilbert modular form f ∈ Sk(c,ψ) in the sense that f is a new form and an
eigenfunction for all Hecke operators with c(OF , f ) = 1. The L-function of f twisted by a Hecke
character χ of ﬁnite order is deﬁned as
L( f ,χ, s) =
∑
n integral
χ∗(n)c(n, f )N(n)−s
=
∏
p prime
(
1− χ∗(p)c(p, f )N(p)−s + (χ∗(p))2ψ∗(p)N(p)ko−1−2s)−1
where ko = max{k1, . . . ,kn}. I use χ∗ and ψ∗ to denote the ideal character associated with χ and ψ .
Suppose f to be motivic, Deligne’s periodic conjecture for the Motive of f predicted the algebraicity
of L( f ,χ, s). This can be conﬁrmed by studying the integral representation of the L-function. As
Rankin–Selberg convolution gives such integral representation which is also useful in the next section,
let me review important results on this.
First, I will deﬁne the Hilbert Eisenstein series used in Rankin–Selberg convolution. Let a and b
be any fractional ideals of F . Take a Hecke character of ﬁnite order ω with conductor e, such that
ω∗(xOF ) = sgn N(x)κ for x ≡ 1 (mod e), and κ a positive integer. Assume ω is primitive. Let v =
(v1, . . . , vn) ∈ Zn where vi  0. Deﬁne
K vκ (z, s,a,b,ω) = (2π i)−
∑
v(z − z¯)−v
·
∑
c,d
sgn N(d)κω∗
(
db−1
)( cz¯ + d
cz + d
)v
(cz + d)−κ ·1|cz + d|−2s·1, (3)
and
Lvκ (z, s,a,b,ω) = (2π i)−
∑
v(z − z¯)−v
·
∑
c,d
sgn N(c)κω∗
(
ca−1
)( cz¯ + d
cz + d
)v
(cz + d)−κ ·1|cz + d|−2s·1, (4)
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relation (c,d) ∼ (uc,ud) for u ∈ O×F . Deﬁne vκ (z, s) as follows:
vκ (z, s) = π−ns y(κ+s)·1Γ (s, κ · 1+ v),
where 1 is the element in Zn each component of which is 1, and
Γ (s, t) :=
n∏
i=1
Γ (s + ti), t = (t1, . . . , tn) ∈ Rn.
About the relation of Lvκ and K
v
κ , we have:
Proposition 2.1.
vκ (z,1− κ − s)K vκ (z,1− κ − s,a,b,ω)
= D−1F τ (ω)N(abe)−1vκ (z, s)Lvκ
(
z, s, (δbe)−1, (δa)−1, ω¯
)
,
where τ (ω) is the Gauss sum of ω.
Notice that the map (1) can be extended to the space of C∞ modular forms. So we can deﬁne K vκ
and Lvκ as functions on the adelic group GA so that
K vκ (·, s,a,b,ω)i = N(ti)s+
κ
2 ys·1K vκ (z, s, tiaδ,b,ω), (5)
Lvκ (·, s,a,b,ω)i = N(ti)−s−
κ
2 ys·1Lvκ
(
z, s,a, t−1i bδ
−1,ω
)
. (6)
Take eigenforms f ∈ Sk(c,ψ) and g ∈ Ml(c′, φ). Let ko = maxi{ki}, lo = maxi{li}, k′ = ko · 1− k, and
l′ = lo · 1− l. The normalized zeta function associated to them is deﬁned as
D( f , g, s) = Lcc′(ψφ,2s + 2− ko − lo)D( f , g, s), (7)
where
Lcc′(ψφ, s) =
∏
(a,cc′)=1
(ψφ)∗(a)N(a)−s,
and
D( f , g, s) =
∑
n
c(n, f )c(n, g)N(n)−s.
The following theorem basically tells us that Rankin–Selberg convolution of f and g can give
D( f , g, s).
Theorem 2.2. Assume for every i, ki > li . Let κ be a positive integer and satisfy ki − li − κ  0 for all i, v =
k−l−κ ·1
2 , m1 = ko+lo+κ−22 , m2 = ko+lo−κ2 . Further assume that f and g have the same conductor, in another
word, c = c′ . Then we have
B(s +m1)D( f , g, s +m1) =
〈
f ρ, g · K vκ (·, s, c, OF ,ψφ)
〉
(8)
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DF τ (ψφ)
−1Φ(c)πn(2s+κ−1)Γ (−s,1+ v)B(m2 − s)D( f , g,m2 − s)
= Γ (s, κ · 1+ v)N(c2δ)−1〈 f ρ, g · Lvκ(·, s, (cδ)−1, (cδ)−1,ψφ)〉 (9)
where f ρ is a well-deﬁned element in Sk(c,ψ−1), and
B(s) = (−1)
∑
v(4π)n(m1+1−s)−
∑
kD−1/2F Φ(c)
−1Γ
(
s,−k
′ + l′
2
)
.
The following theorem due to Shimura is the key point in the proof of the rationality of the critical
values of D( f , g,m) when m is an integer and satisﬁes
ko + lo − ki + li − 2
2
<m <
ko + lo + ki − li
2
, for all i. (10)
I quote the theorem here and it is going to be used later when constructing the Q-valued admissible
measure.
Theorem 2.3. (See [19].) Let f and g be elements of Mk(c,ψ). Suppose that k = (1, . . . ,1), and f is a prim-
itive cusp form. Then 〈 f ,g〉〈 f , f 〉 belongs to Q( f , g), where Q( f , g) is the ﬁeld generated over Q by the Fourier
coeﬃcients of f and g.
L( f ,χ, s) is closed related to the zeta function of two Hilbert modular forms in the following way.
Let χ , η be ﬁnite order Hecke characters of conductors a and b so that c′ is the least common multiple
of a and b. Let the parities of χ and η be respectively p, q ∈ Zn . Assume p + q ≡ l · 1 (mod 2Zn) for
a positive integer l. Then there exist Hilbert modular forms gl(χ,η), g˜l(χ,η) ∈ Ml·1(c′,χη) and
L
(
gl(χ,η), s
)= L(χ, s + 1− l)L(η, s), (11)
L
(
g˜l(χ,η), s
)= L(χ, s)L(η, s + 1− l). (12)
For the proof of the above claim, one can refer to Proposition 3.4 in [19]. About the Rankin convolu-
tion of f and gl(χ,η), we have:
Proposition 2.4. (See [18], Lemma 1.)
D( f , gl(χ,η), s)= L( f ,χ, s)L( f , η, s + 1− l).
3. Construction of h-admissible measure
3.1. Distributions attached to Hilbert modular forms
In next section, we need to construct an admissible measure μ( f ) associated to the Hilbert mod-
ular form f whose non-archimedean Mellin transform gives the critical values of the L-function
L( f ,χ, s) for a ﬁnite order Hecke character χ . Such a measure is obtained using Rankin–Selberg con-
volution discussed in the previous section and the theory of distribution that I am going to discuss
here.
Let p be a prime number, and mo =∏p|p p for the prime ideal p of F . For any ideal n of F , deﬁne
S(n) = {p prime ideal of F , p|n}.
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Gal(F p,∞/F ). By class ﬁeld theory, Galp can be described as the projective limit:
Galp = lim←−
m
H(m), where H(m) = I(m)/P (m).
Here, m is any integral ideal of F satisfying S(m) ⊂ S(p). I(m) is the group of fractional ideals prime
to m. And
P (m) = {(a) ∈ I(m) ∣∣ a  0, a ≡ 1 (mod m)}.
Denote by Xp = Homcont(Galp,C×p ) the space of continuous characters of Galp , and notice that Xp
is a Cp-analytic Lie group. The discrete subgroup X torsp of Xp consisting of ﬁnite order elements can
be identiﬁed with the space of ﬁnite order Hecke characters of F whose conductors are not divisible
by q for any q  p, because we have such decomposition:
χ : A×F \ F× class ﬁeld theory−−−−−−−−−→ Galp → Q× i∞−→ C×.
Also we have the following natural homomorphism N(xp) ∈ Xp :
N(xp) : Galp → Gal
(
Qabp,∞ \ Q
)∼= Z×p → C×p , (13)
where Qabp,∞ is the maximal abelian extension of Q ramiﬁed at p and ∞.
Deﬁnition 3.1. A Cp-distribution μ on Galp is a ﬁnite additive system of functions μ = {μm}m , where
μm : H(m) → Cp,
and μ satisﬁes the compatibility condition:∑
x≡y (mod m′)
μm(x) = μm′(y)
for m′|m.
Let me ﬁrst deﬁne some notations before constructing the complex valued distributions for each
r = 1, . . . ,ko − 1. For q,q′ ∈ F×A with qOF = q and q′OF = qδ2, deﬁne
( f |q)(x) = N(q)− ko2 f
(
x
(
q−1 0
0 1
))
,
(
f |U (q))(x) = N(q) ko2 −1 ∑
v∈δ−1/qδ−1
f
(
x
(
q v
0 1
))
,
and
( f | Jq)(x) = ψ
(
(det x)−1
)
f
(
x
(
0 1
q′ 0
))
.
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1− c(p, f )X + ψ(p)N(p)ko−1X2 = (1− α(p)X)(1− α′(p)X)
be the Hecke polynomial of f at p. Then α(p) and α′(p) are the inverse roots. Assume that
ordp α(p) ordp α′(p). Take
fo =
∑
a|mo
M(a)α′(a) f |a,
where M(·) is the Möbius function of ideals.
For a character χ : H(m′) → Qab× , we can deﬁne χm for any m′|m to be the composition of the
natural projection H(m) → H(m′) and χ . For A ﬁnite additive system of functions μ = {μm}m , to
verify the compatibility condition is equivalent to verify
μm(χm)(x) =
∑
x∈H(m)
χm(x)μm(x) (14)
does not depend on the choice of m with m′|m. This gives a convenient way to check the compatibility
condition. Thus we have
Proposition 3.2. For each r = 0, . . . ,ko − 2, take gl(r)(χ,η) as in (11), where l(r) = ko − r − 1, χ has
conductor c(χ) and η has conductor n. Let the ideal m satisfy S(m) = S(mo) and c(χ)mo|m. Then there exists
a complex valued distribution {μr,m}m satisfying
μr,m(χm) = (−1)n·l(r)πn(l(r)−ko)N(n)− l(r)2 · N(m)
ko+r−1
2
α(m)
· D( fo, g˜l(r)(χm, η)| Jcmn,
ko+ko−2
2 )
〈 f , f 〉 .
Proof. First notice that gl(r)(χm, η) does not depend on the choice of m once c(χ)mo|m, because
S(c(χ)mo) = S(m) = S(mo). Also as S(c(χ)) ⊂ S(mo), we simply denote gl(r)(χm, η) by gl(r)(χmo , η)
and
L
(
gl(r)(χm, η), s
)= ∑
n+mo=OF
c
(
n, gl(r)(χ,η)
)
N(n)−s.
Then assume that m = c(χ)mom′ . We have
c
(
nm′, fo
)= α(m′)c(n, fo),
so
D( fo, gl(r)(χmo , η)| Jcmn, s)= N(m′) l(r)2 D( fo, gl(r)(χmo , η)| Jcc(χ)mon|m′, s)
= α(m′)N(m′) l(r)2 −sD( fo, gl(r)(χmo , η)| Jcc(χ)mon, s).
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N(m)
ko+r−1
2
α(m)
D
(
fo, gl(r)(χm, η)| Jcmn, ko + k
o − 2
2
)
= N(c(χ)mo)
ko+r−1
2
α(c(χ)mo)
D
(
fo, gl(r)(χmo , η)| Jcc(χ)mon,
ko + ko − 2
2
)
.
Hence, μr,m(χm) does not depend on the choice of m. 
I want to clarify that in the rest of this paper, l(r) and l represent the same number. If I particularly
want to emphasize that l is determined by r, I will use l(r).
Lemma 3.3. As to the action of Jc(χ)n on gl(r)(χ,η) and g˜l(r)(χ,η) ∈ Ml(r)(c(χ)n,χη), we have
gl(r)(χ,η)| Jc(χ)n = N
(
c(χ)
) l
2−1N(n)−
l
2 τ (χ)τ (η)g˜l(r)(χ,η),
and
g˜l(r)(χ,η)| Jc(χ)n = N(c(χ))
− l2+1N(n) l2
τ (χ)τ (η)
gl(r)(χ,η).
Proof. Use the deﬁnition of gl(r)(χ,η) ((11), (12)), functional equations for the L-functions of Hilbert
modular forms and for Hecke L-functions, it is easy to derive above results. 
Proposition 3.4. The following equation holds:
D( fo, g˜l(r)(χmo , η)| Jcc(χ)mon, s)
= α(mo)N(mo)−s+ l(r)2 · N(c(χ))
− l(r)2 +1N(n)
l(r)
2
τ (χ)τ (η)
·
∏
p∈S(mo)\S(c(χ))
Ap
(
f ,χ, s + 1− l(r)) ∏
p∈S(mo)\S(n)
Ap( f , η, s)D
(
f , gl(r)(χ,η), s
)
,
where
Ap( f ,χ, s) =
(
1−χ(p)α′(p)N(p)−s)(1− χ−1(p)α(p)−1N(p)s−1).
Proof. The calculation here is similar to that of Proposition 3.5 in [13], once we notice for a prime
q  c(χ)n, c(q, g˜l(r)(χ,η)) = η(q)N(q)l−1 +χ(q), and apply Lemma 3.3. 
Applying Proposition 2.4 and 3.4 to Proposition 3.2, we see that, μr can be used to interpolate
special values of the L-function L( f ,χ, s). More work needs to be done to verify that μr ’s are actually
Q-valued. Shimura’s rationality results about D( f , g, s) and L( f ,χ, s) (see [19]) cannot be directly
used here, because f and χ have different levels. The idea is to consider the integral representation
of Rankin type (refer to (8)):
B(s)D( fo, g˜l(r)(χm, η)| Jcmn, s)= 〈 f ρo , V(s − ko + ko − 22
)〉
, (15)
cmn
428 B. Zhang / Journal of Number Theory 131 (2011) 419–439where
V (s) = g˜l(r)(χm, η)| Jcmn · K
k−ko
2
ko−l(r)(·, s, cmn, OF ,ψχmη).
The subindex cmn is to emphasize that it is an inner product of two forms of level cmn.
First we apply trace operator Trcmncmo (refer to [4]) to V (s) to lower the level to cmo , so that〈
f ρo , V (s)
〉
cmn
= 〈 f ρo , V (s)|Trcmncmo 〉cmo .
About the expression of V (s)|Trcmncmo , we have:
Proposition 3.5.
V (s)|Trcmncmo = N(mnm−1o )1−
ko
2 N(cmnδ2)−s−
ko−l
2
· {g˜l(r)(χm, η)L k−ko2ko−l (·, s, OF , OF ,ψχmη)}|U(mnm−1o ) Jcmo .
Proof. It is straightforward using the facts that
f | Jc| Jc = (−1)
∑
k f , for the weight k and level c Hilbert modular form f ,
Trc1c2 |Mk(c1,ψ) = (−1)
∑
kN
(
c1c
−1
2
)1− ko2 Jc1U(c1c−12 ) Jc2 ,
and
K vκ (·, s,a,b, η)| Jq = (−1)nκN
(
qδ2
)−s− κ2 Lvκ (·, s,b,aq−1, η). 
However notice that V (s)|Trcmncmo may not give a holomorphic form. Shimura in [20] and Pan-
chishkin in [13] introduced the holomorphic projection operator Hol which can be applied to C∞
Hilbert modular forms of moderate growth to produce holomorphic ones. Denote the space of C∞
Hilbert modular forms of weight k, level c and Hecke character ψ by Mk(c,ψ). We have:
Lemma 3.6. Let f ∈ Sk(c,ψ), and g ∈ Mk(c,ψ) be a function of moderate growth. Then
〈 f , g| Jc〉 =
〈
f ,Hol(g)| Jc
〉
,
So combining the trace operator and the holomorphic projection operator, we have
〈
f ρo , V (s)
〉
cmn
= N(mnm−1o )1− ko2 N(cmnδ2)−s− ko−l2
· 〈 f ρo ,Hol(V (s)| JcmnU(mnm−1o ))| Jcmo 〉cmo . (16)
Next, Fourier expansion of Hol(V (s)| JcmnU (mnm−1o )) will be explicitly given. Deﬁne the normal-
ized Eisenstein series
Evκ (·, s, OF , OF , η) =
D
1
2
F Γ (s, κ + v)
(−4π)−ns(−2π i)n(κ+2s) L
v
κ (·, s, OF , OF , η),
then:
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g˜l(r)(χm, η)i(z) = bi(0) +
∑
0ξ∈ti
bi(ξ)eF (ξ z).
Then
Hol
(
g˜l(r)(χm, η)E
v
κ (0, OF , OF ,ψχmη)|U
(
mnm−1o
))
i(z) =
∑
0ξ∈ti
U i(ξ, v, κ)eF (ξ z),
where
Ui(ξ, v, κ) = α ko−k2 N(ti)− κ2
∑
mnm−1o ξ=ξ1+ξ2
ξ10, ξ20
bi(ξ)
∑
(ξ2)=(d)(d′)
d∈ti ,d′∈OF
sgn N
(
(d)
)κ−1 · N((d))κ−1
· (ψχmη)
((
d′
)) n∏
j=1
P j(ξ2,τ j , ξτ j , κ, v j).
α ∈ F satisﬁes that α˜ = mnm−1o where α˜ is the fractional ideal associated with α. ξτ j denotes the image of ξ
under the real embedding τ j . And
P j(ξ2,τ j , ξτ j , κ, v j) =
v j∑
i=1
(−1)i
(
v j
i
)
Γ (κ + 1+ v j)Γ (k j − 1− i)
Γ (κ + 1+ v j − i)Γ (k j − 1) ξ
v j−i
2,τ j
ξ iτ j .
It is easy to see that
Hol
(
g˜l(r)(χm, η)E
v
κ (0, OF , OF ,ψχmη)|U
(
mnm−1o
))
is deﬁned over Q. Apply the above discussion to μr,m whose expression can be found in Proposi-
tion 3.2. As fo is a primitive form of level cmo , then the rationality of the distributions immediately
follows from Theorem 2.3. Let me summarize this section using the following corollary:
Corollary 3.8. Keep the notations in Propositions 3.2 and 3.4. For the distributionμr satisfying Proposition 3.2,
and for any χ ∈ X torsp , the value μr(χ) is given by the image under the ﬁxed embedding ip to Cp of the
algebraic number
(−1)n·l(r)πn(l(r)−ko) N(c(χ))
ko+ko
2 −l(r)
α(c(χ))
· D( f , gl(r)(χ,η),
ko+ko−2
2 )
τ (χ)τ (η)〈 f , f 〉
·
∏
p∈S(mo)\S(c(χ))
Ap
(
f ,χ,
ko + ko
2
− l(r)
) ∏
p∈S(mo)\S(n)
Ap
(
f , η,
ko + ko − 2
2
)
.
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The distributions μr ’s deﬁned in the above section is not bounded but can actually give an
h-admissible measure. Let Ch(Galp) be the space of Cp-valued functions which can be locally repre-
sented by polynomials of degree less than or equal to h of the variable N(xp). Here h is a nonnegative
integer.
Deﬁnition 3.9. A Cp-linear form
μ : Ch(Galp) → Cp
is called h-admissible measure if for all d = 0, . . . ,h, the following growth condition is satisﬁed
sup
a∈Galp
∣∣∣∣ ∫
a+(m)
(
N(xp) − N(ap)
)d∣∣∣∣dμ is O (|m|d−hp ).
According to Amice and Vélu (see [1]) and Višik (see [21]), such h-admissible measure μ can be
extended to a linear form on Xp given by the non-archimedean Mellin transform of μ:
Lμ : Xp → Cp,
χ →
∫
Galp
χ dμ.
Lμ is a Cp-analytic function on Xp of the type O (loghp(·)). Conversely, μ is uniquely determined by
Lμ(χN(xp)d), for d = 0, . . . ,h.
To verify that the h-admissible measure can be induced from μr ’s, we need to check the growth
condition and ﬁnd the value of h. Deﬁne a linear form
μ : Cko−1(Galp) → Cp (17)
such that ∫
a+(m)
N(x)r dμ = (−1)nr
∫
a+(m)
dμr
for r = 0,1, . . . ,ko − 2, and μr ’s are the distributions deﬁned above.
Theorem 3.10. μ satisﬁes the following growth condition:
sup
a∈Galp
∣∣∣∣ ∫
a+(m)
(
N(xp) − N(ap)
)r
dμ
∣∣∣∣
p
= O (|m|r−maxτi [ordp α(p(τi))− ko−ki2 ]p ).
Proof. One may notice that in Theorem 2 of [2], a weaker growth condition was obtained using
Atkin–Lehner theory about which one can refer to [2] or [13]. The same method can be well applied
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L : Φ → 〈 f
ρ
o ,Φ| Jcmo 〉
〈 f , f 〉c .
Then L(Φ) can be written as ﬁnite sum
L(Φ) =
∑
i
c(mi,Φ)l(mi),
where c(mi,Φ) is the Fourier coeﬃcient of Φ at mi , and l(mi)’s are algebraic numbers. Take
Φ = Hol(g˜l(r)(χm, η)Evκ (0, OF , OF ,ψχmη)|U(mnm−1o )).
By Proposition 3.2, (15) and (16), we have
μr,m(χm) = N(mo)
ko
2 −1L(Φ)
α(m)
.
Notice that
∣∣∣∣ ∫
a+(m)
(
N(xp) − N(ap)
)r
dμ
∣∣∣∣
p
=
∣∣∣∣∣
r∑
j=0
∑
χ mod m
(
r
j
)
N(a)r− jχ−1(a)μr,m(χm)
∣∣∣∣∣
p
=
∣∣∣∣∣ 1α(m)
r∑
j=0
∑
χ mod m
(
r
j
)
N(a)r− jχ−1(a)L(Φχm)
∣∣∣∣∣
p
.
Then the only thing left is to check the valuation at p of the Fourier coeﬃcient of Φχm the expression
of which is given in Proposition 3.7. Use the lemma in p. 1037 of [2] and notice the factor α
ko−k
2 in
the Fourier coeﬃcient, we see that
1
α(m)
r∑
j=0
∑
χ mod m
(
r
j
)
N(a)r− jχ−1(a)L(Φχm)
is an element in the ideal generated by α(m)−1βr+
k−ko
2 where β is the generator of m, and βk is
deﬁned to be
∏n
i=1 τi(β)ki . Thus we prove the theorem. 
For such a linear form μ, the non-archimedean Mellin transform denoted by Lp,μ satisﬁes the
following theorem:
Theorem 3.11. Let h = maxi(ordp α(p(τi)) − ko−ki2 ). Then Lp,μ is a Cp-analytic function on Xp of type
O (loghp) with the properties:
(i) For any integerm such that ko−k
o
2 +1m ko+k
o
2 −1, and any Hecke character of ﬁnite orderχ ∈ X torsp ,
the following equation holds:
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(
χN(xp)
m)= DmF inm
τ (χ)
N(c(χ))m
α(c(χ))
∏
p|p,p/∈S(c(χ))
Ap( f ,χ,m)
Γ (m− ko−k2 )L( f ,χ,m)
Ω(, f )
,
where Ω(, f ) is a constant depending only on  and f for  = (−1)m(χ).
(ii) When h ko − 1, Lp,μ is uniquely determined by (i).
(iii) When h = 0, Lp,μ is bounded on Xp .
Remark 3.12. (i) It is easy to see from Corollary 3.8 that
Ω(, f ) =
∏
p∈S(mo)\S(n)
Ap
(
f , η,
ko + ko − 2
2
)
· (−2π i)
∑
k−n(ko+ko−1)τ (η)〈 f , f 〉
L( f , η, ko+ko−22 )
,
where sign of η is exactly  . The fact that there exists a character η such that L( f , η, ko+k
o−2
2 ) is due
to [17].
(ii) Not strictly speaking, Lp,μ is a function of two variables: χ and m.
(iii) When h = 0, Lp,μ is bounded. Notice that f is ordinary at p which implies the Fourier coeﬃ-
cient c(p, f ) of f at each p|p satisﬁes |c(p, f )|p = 1 is only a special case of h = 0.
We have the functional equation of L( f ,χ, s) as follows:
N(cϑ)
s
2 Γ
(
s − ko − k
2
)
L( f ,χ, s)
= i
∑
kN(cϑ)
ko−s
2 Γ
(
ko + k
2
− s
)
Λ( fχ )L
(
f | Jc,χ−1,ko − s
)
,
where Λ( fχ ) = ψ∗χ∗(c)τ (χ)2N(c(χ))−1Λ( f ). The constant Λ( f ) satisﬁes
f | Jc = Λ( f ) f ρ
for f ρ the complex conjugate of f by taking Fourier coeﬃcients of f to complex conjugate. Then
from this we can derive the functional equation of Lp,μ.
Theorem 3.13. Lp,μ(x) = i
∑
k+nko N(c)
ko
2 x−1(c)Lp,μρ (x−1N(xp)ko ), where μρ is the admissible measure as-
sociated to f ρ .
4. Analytic properties of p-adic L-functions
4.1. Inﬁnitude of zeros of the p-adic L-function
Recall that when we construct h-admissible measure which leads to Lp,μ , we use the p-
stabilization fo of f . When h = 0, we can actually consider other p-stabilizations of f in the following
way: Suppose above p, there are t primes p1, . . . ,pt of F . For {β1, β2, . . . , βt} where βi is either α(pi)
or α′(pi), there exists a new form f{β1,β2,...,βt } of level cmo so that f{β1,β2,...,βt }|U (pi) = βi f{β1,β2,...,βt } .
Use this form to construct p-adic L-function denoted by L{β1,β2,...,βt }p,μ (notice such a p-adic L-function
normally comes from an h-admissible measure with different value of h from the one in Theo-
rem 3.11), we will get such an interpolation result:
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(
χN(xp)
m)= DmF inm
τ (χ)
N(c(χ))m∏
i β
ordpi c(χ)
i
·
∏
p|p,p/∈S(c(χ))
Ap( f ,χ,m)
Γ (s − ko−k2 )L( f ,χ,m)
Ω(, f )
.
Of course, when each βi is α(pi), L
{β1,β2,...,βt }
p,μ = Lp,μ .
Galp has such a non-canonical decomposition Galp = Galp,tor ×W , where Galp,tor as the torsion part
of Galp is a ﬁnite group and W ∼= Z1+δp for a nonnegative integer δ from the conjecture by Leopoldt.
When F is an abelian extension of Q, it has been proved that δ = 0. Recently, Preda Miha˘ilescu
claimed that he proved δ = 0 for all number ﬁelds. But we don’t assume this in the paper.
For L a ﬁnite extension of Qp , deﬁne
Ar(L) :=
{
f ∈ L[[T1, T2, . . . , Tr]]
∣∣ f is convergent on the open unit disc of Crp}.
There exists a ﬁnite extension of Qp denoted by L f ,α,ψ which includes all the Fourier coeﬃcients
of f , α, and the values of ψ , such that for a ﬁxed m, Lp,μ(·N(xmp )) as a function of χ is an element
in A1+δ(L f ,α,ψ [Galp,tor]).
Let us consider the behavior of Lp,μ only along the cyclotomic variable, so that we can talk about
zero points of Lp,μ .
Let Q∞ be the Zp-cyclotomic extension of Q. And let Qn be the subﬁeld of Q∞ so that
Gal(Qn/Q) = Z/pnZ for any positive integer n. Then F∞ = Q∞F is the only Zp-cyclotomic exten-
sion of F . Also deﬁne Fn := Qn F . Consider the set of particular characters in X torsp :
χu ◦ Res : Galp Res Gal(F∞/F ) ∼= Zp χu−→ C×p .
The ﬁrst arrow is the restriction of the Galois action to F∞ , and the second arrow deﬁnes a charac-
ter χu , so that for a topological generator γ of Zp , χu(γ ) = u where u satisﬁes |u − 1|p < 1. This
makes sure that χu is continuous.
The set of characters {χu ◦Res | |u−1|p < 1} is an open unit disc in Cp . Let me denote it by Xp,cyc .
Consider Lp,μ restricted to Xp,cyc and take T = u − 1, then Lp,μ can be regarded as an element in
A1(L f ,α,ψ ) ⊂ L f ,α,ψ [[T ]]. Take L˜ p,μ := Lp,μ|Xp,cyc . About zeros of L˜ p,μ , let me state the following
conjecture:
Conjecture 1.When f is not ordinary or nearly ordinary at p, L˜ p,μ has inﬁnite many zeros in Xp,cyc for each
integer m in the critical strip.
Concerning the above conjecture, we have the following partial results:
Theorem 4.1. When f is ordinary at p, L˜ p,μ(·N(xp)m) has only ﬁnite many zeros in Xp,cyc. Otherwise, we
have either L˜p,μ(·N(xp)m) has inﬁnite many zeros or all the other L˜{β1,β2,...,βt }p,μ (·N(xp)m) has inﬁnite many
zeros.
Proof. This result is an analogy of Theorem of Mazur about inﬁnitude of zeros of p-adic L-functions
associated to supersingular modular forms. One can refer to Theorem 3.3 in [15] for the proof of
Theorem of Mazur. Let me quote a lemma here for later use:
Lemma 4.2. Let L be a ﬁnite extension of Qp . Then f (T ) ∈ A1(L) has ﬁnite many zeros if and only if f (T ) ∈
OL[[T ]] ⊗ L.
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h = 0. So L˜ p,μ(·N(xp)m) has bounded coeﬃcients which implies that it has only ﬁnite many zeros in
Xp,cyc by the above lemma.
If f is supersigular at p, we divide this into two cases. The ﬁrst case is the most supersingular
case. That is when there exists at least one place p|p, such that c(p, f ) = 0. This will be discussed
in the next section, and we will see that L˜ p,μ(·N(xp)m) does have inﬁnite zeros. The second case is
that none of the p|p satisﬁes c(p, f ) = 0. Then if L˜ p,μ(·N(xp)m) has only ﬁnite many zeros and at
the same time, one of L˜{β1,β2,...,βt }p,μ (·N(xp)m) also has only ﬁnite many zeros. Then by the Weierstrass
preparation theorem, let
L˜ p,μ
(
χuN(xp)
m)= pr1 P1(T )U1(T ),
and
L˜{β1,β2,...,βt }p,μ
(
χuN(xp)
m)= pr2 P2(T )U2(T ),
where the Pi are distinguished polynomials of degree di and the Ui are unit power series. Evaluate
L˜ p,μ(·N(xp)m) and L˜ f{β1,β2,...,βt }p,μ (·N(xp)m) at T = ζn − 1 where ζn is the pnth root of unity. Then the
conductor of χζn is p
n+1. Use the interpolation results, we have
α(p)n+1pr1 P1(ζn − 1)U1(ζn − 1) =
(∏
i
β
ei(n+1)
i
)
pr2 P2(ζn − 1)U2(ζn − 1),
where ei is the ramiﬁcation index of pi over p. Take the valuations on both sides:
ordp α(p) · (n + 1) + r1 + d1 · ordp(ζn − 1)
=
(∑
i
ei · ordp βi
)
· (n + 1) + r2 + d2 · ordp(ζn − 1).
When n gets larger, ordp(ζn−1) approaches to 0. But (∑i ei ·ordp βi) > ordp α(p). The equation cannot
be true. So the second case is proved. 
4.2. Plus/minus p-adic L-function of Hilbert modular forms
Following the above section, let us study the case when there exists at least one place p|p, such
that c(p, f ) = 0. Recall that in Theorem 3.11, it said that only when h  ko − 1, the p-adic L-function
is uniquely determined by the interpolation conditions. But it is easy to check that if c(p, f ) = 0,
we always have h ko − 1. So I will assume h = ko − 1 throughout this section.
Without lose of generality, let me assume c(p1, f ) = 0, then the two roots of the Hecke polynomial
at p1 only differ by a negative sign. One will see that if we have more than one place p|p such that
c(p, f ) = 0, this does not make much difference. As ordp α(p1) = ordp α′(p1), so Lp,μ can be chosen
as L{α(p1),α(p2),...,α(pt )}p,μ or L
{α′(p1),α(p2),...,α(pt )}
p,μ . Still denote the ﬁrst by Lp,μ , and denote the second
by L′p,μ . The following proposition is the reformulation of Theorem 4.1 in the present case. But the
result here is even stronger.
Proposition 4.3. Both L˜p,μ(·N(xp)m) and L˜′p,μ(·N(xp)m) have inﬁnite many zeros in Xp,cyc.
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sider:
G+m =
L˜ p,μ(·N(xp)m) + L˜′p,μ(·N(xp)m)
2
∈ F p( f ,ψ)[[T ]]
and
G−m =
L˜ p,μ(·N(xp)m) − L˜′p,μ(·N(xp)m)
2
∈ F p( f ,ψ)[[T ]].
So
L˜ p,μ
(·N(xp)m)= G+m + G−m.
Because
α(p1)
n+1 L˜ p,μ
(
χζn N(xp)
m)= α′(p1)n+1 L˜ p,μ(χζn N(xp)m),
and α(p1) = −α′(p1), both G+m and G−m has inﬁnite many zeros: G+m(ζ2n−1) = 0 and G−m(ζ2n−1−1) = 0
for any positive integer n. Assume both L˜ p,μ(·N(xp)m) and L˜′p,μ(·N(xp)m) have ﬁnitely many zeros in
Xp,cyc , by Lemma 4.2 they both have bounded coeﬃcients. Thus both G+m and G−m have bounded
coeﬃcients which leads to the contradiction.
Suppose L˜ p,μ(·N(xp)m) has inﬁnitely many zeros. We can ﬁnd a series of characters χ1,χ2, . . . ,
χn, . . . ∈ Xp,cyc , so that ordp L˜p,μ(χnN(xp)m) goes to −∞. Again use
ordp L˜p,μ
(
χnN(xp)
m)= ordp L˜′p,μ(χnN(xp)m),
ordp L˜′p,μ(χnN(xp)m) also goes to −∞ as n gets larger. This implies L˜ p,μ(·N(xp)m) has unbounded
coeﬃcients, so it also has inﬁnite many zeros. 
To construct plus and minus p-adic L-functions, let us ﬁrst deﬁne log+p and log−p . I should mention
that log±p (T ) constructed in [15] are a bit different from here due to different interpolation properties
of p-adic L-functions. But they follow the similar growth condition. Let Φn(T ) =∑p−1t=0 T t·pn−1 be the
pnth cyclotomic polynomial. For any integer j, let
log+p, j(T ) =
1
p
∞∏
n=1
Φ2n(γ
− j(1+ T ))
p
∈ A1(Qp),
log−p, j(T ) =
1
p
∞∏
n=1
Φ2n−1(γ − j(1+ T ))
p
∈ A1(Qp),
where γ is the topological generator of Zp . The zeros of log
+
p, j(T ) are γ
jζ2n − 1, and the zeros of
log−p, j(T ) are γ
jζ2n−1 − 1. Notice they are all simple zeros. Deﬁne
log+p (T ) =
ko+ko
2 −1∏
j= ko−ko +1
log+p, j(T ),2
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log−p (T ) =
ko+ko
2 −1∏
j= ko−ko2 +1
log−p, j(T ).
They both lie in A1(Qp) and log+p (T ) ∼ log−p (T ) ∼ (logp(1 + T ))
ko−1
2 . In [15], functional equations of
log±p (T ) are given when ko = ko = 2. And in general, we have
Proposition 4.4. log±p (T ) satisfy the following functional equations:
log±p (T ) = log±p
(
γ ko
1+ T − 1
)
.
Using deﬁnitions of log±p (T ), it is not hard to verify the above equation. So I will skip the proof of
this proposition here. Let Λ = OL f ,α,ψ [[T ]] where OL f ,α,ψ is the ring of integers of L f ,α,ψ .
Theorem 4.5. There exist two power series L±p ( f , T ) ∈ Λ ⊗ L f ,α,ψ such that
L˜p,μ = L+p ( f , T ) · log+p (T ) + L−p ( f , T ) · log−p (T ).
Proof. Similar to the proof in Theorem 4.3, let
G+ = L˜ p,μ + L˜′p,μ and G− = L˜ p,μ − L˜′p,μ.
So L˜ p,μ = G+ + G− . Notice that all the zeros of log+p (log−p ) are also zeros of G+ (G−). So we can
divide G+ (G−) by log+p (log−p ) and the quotient still falls into A1(L f ,α,ψ ). Let
L+p ( f , T ) =
G+
log+p
and L−p ( f , T ) =
G−
log−p
.
Since L˜ p,μ and L˜′p,μ are both O ((logp(1+ T ))
ko−1
2 ), this forces G+ and G− to be so too. Then because
log+p ∼ log−p ∼ (logp(1 + T ))
ko−1
2 , L+p ( f , T ) and L−p ( f , T ) are both bounded analytic functions, then
they must have bounded coeﬃcients (by Lemma 5.2 in [15]). So they are in Λ ⊗ L f ,α,ψ . 
Next two corollaries give functional equation and interpolation properties of L±p ( f , T ). From the
functional equation of log±p (T ) in Lemma 4.4, we can derive the functional equation of L±p ( f , T ). They
must follow the same functional equation as Lp,μ .
Corollary 4.6 (Functional equation of L±p ( f , T )). L±p ( f , T ) = i
∑
k+nko N(c)
ko
2 (1 + T )−c L±p ( f , γ
ko
1+T − 1),
where c ∈ Zp is such that γ c generates N(c).
Corollary 4.7 (Interpolation property of L±p ( f , T )). We have
L+p
(
f , γ jζ2t−1 − 1
)= DmF inmN(p)2tm
τ (χζ )α(p)2t
· Γ (m−
ko−k
2 )L( f ,χζ2t−1 ,m)
Ω((−1)m(χζ ), f ) log+(γ jζ2t−1 − 1) ,2t 2t−1 p
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L−p
(
f , γ jζ2t − 1
)= DmF inmN(p)(2t+1)m
τ (χζ2t+1)α(p)
2t+1 ·
Γ (m− ko−k2 )L( f ,χζ2t ,m)
Ω((−1)m(χζ2t ), f ) log−p (γ jζ2t − 1)
,
for any positive integer t, integer j such that 0 j  ko − 2 and m = ko−ko+22 + j.
Corollary 4.8. L˜ p,μ and L˜′p,μ have only ﬁnitely many common zeros.
Proof. Notice that log+p and log−p do not have common zeros. Also both L+p and L−p have only ﬁnitely
many zeros because of Theorem 4.5. Then G+ and G− have only ﬁnitely many common zeros. So do
L˜ p,μ and L˜′p,μ . 
5. Application to elliptic curves
Assume that F has narrow class number one. Let E be an elliptic curve over F . The conductor of E
is an integral ideal N of OF . For each prime p of F , deﬁne an integer ap(E) by
ap(E) = 1+ N(p) − E(OF /p), if p  N ,
and ap(E) = 0 (resp. 1,−1) if E has additive (resp. split, non-split multiplicative) reduction at p. The
deﬁnition of ap(E) can be extended to all integral ideals through the equality of Dirichlet series:∏
pN
(
1− ap(E)N(p)−s + N(p)1−2s
)−1 ∏
p|N
(
1− ap(E)N(p)−s
)−1 =∑
ν
a(ν)N(ν)−s
where ν is any integral ideal of F .
Shimura–Taniyama conjecture predicts the modularity of elliptic curves. The idea of Wiles is gen-
eralized to give proofs of many special cases of this conjecture on elliptic curves deﬁned over totally
real ﬁelds. Let me quote a theorem by Skinner and Wiles (see [3]):
Theorem 5.1. Let E be a semistable elliptic curve of conductor N over F . Assume further that:
(1) The prime 3 splits completely in F/Q.
(2) The extension of F generated by the coordinates of the 3-division points of E has Galois group GL2(F3)
over F .
(3) Either [F : Q] is odd, or N = 1.
Then the series deﬁned by
f (z) =
∑
ν0
a(ν)eF (νz), for z ∈ Hn,
is an eigenform of parallel weight 2 and level N .
Most of the hypotheses in the statement can be relaxed. I am not going to get to the details of that.
So naturally, if an elliptic curve over F is modular and corresponds to f , we can deﬁne L(E,χ, s) by
L( f ,χ, s) for a ﬁnite order Hecke character χ of F . Notice that essentially, such L-function has only
one critical value when s = 1. The p-adic L-function Lp(E, ·) of E can be deﬁned as Lp,μ f (·) for μ f
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discussion about Lp,μ f (·) to Lp(E, ·).
In the following, I will formulate the Iwasawa main conjecture for the supersingular elliptic curve
deﬁned over totally real ﬁeld using plus/minus p-adic L-function of Hilbert modular form. Again let
F∞ be the cyclotomic Zp-extension with nth layer Fn . Let E be a modular elliptic curve deﬁned over
F which corresponds to the Hilbert modular form f . When p is prime to the conductor of E , and
ap(E) = 0 for each prime p of F above p, we can deﬁne L±p (E, ·) to be L±p ( f , ·) which interpolates
L(E,χn,1) for all n in the sense of Corollary 4.7, where χn is the cyclotomic character of Fn . We can
generalize Kobayashi’s deﬁnition of plus/minus Selmer group (see [8]) in this case.
Deﬁnition 5.2. The nth plus/minus p-Selmer group is deﬁned to be
Sel±p (E/Fn) = Ker
(
Selp(E/Fn) →
∏
p|p
H1(Fn,p, E[p∞])
E±(Fn,p) ⊗ Qp/Zp
)
where Fn,p is the completion of Fn at the place over p and
E+(Fn,p) =
{
P ∈ E(Fn,p)
∣∣ Trn/m+1 P ∈ E(Fm,p) for evenm such that 0m < n},
E−(Fn,p) =
{
P ∈ E(Fn,p)
∣∣ Trn/m+1 P ∈ E(Fm,p) for oddm such that 0m < n},
where Trn/m+1 : E(Fn,p) → E(Fm+1,p) is the trace map.
Let Sel±p (E/F∞) = lim−→ n Sel±p (E/Fn). Then Zp[[Gal(F∞/F )]]  Zp[[T ]] acts naturally on the Pontrya-
gin dual of Sel±p (E/F∞) denoted by Sel±p (E/F∞)∨ .
Conjecture 2 (Iwasawa main conjecture). Suppose E is a modular elliptic curve over a totally real number
ﬁeld F . E has good reduction at every prime p of F above p. And ap(E) = 0, for each p. Then the characteristic
ideal of Sel±p (E/F∞)∨ is generated by the p-adic L-function L±p (E, T ).
It is possible to derive one divisibility of this conjecture following [8]. But in general it will be
very hard to obtain a complete proof. In the rest of the section, let us consider a special case in
which much progress is expected to be made. Let E be an elliptic curve deﬁned over F with complex
multiplication by OK which is the integer ring of an imaginary quadratic ﬁeld K . Take L = K F , so L
is a totally imaginary quadratic extension of F . Then there exists a Hecke character φ of L associated
to E in the sense that
L(φ, s) = L
(
E, s + 1
2
)
.
Such φ satisﬁes φ(a∞) =∏nv=1 a∞,v|a∞,v | for a∞ ∈ L∞ . The CM form fφ associated to φ is a modular
form of parallel weight 2 in M2(NL/F (f)D(L/F ), L/FφF ) where f is the conductor of φ, D(L/F ) is the
relative discriminant of L over F , L/F is the quadratic character corresponding to the extension L
over K , and φF is the restriction of φ to AF . Notice that L(φ, s) = L( fφ, s + 12 ). So we have
L( fφ, s) = L(E, s).
Choose p which is inert for K/Q. Then the ﬁeld extension L/F is inert at every prime p of F
above p. Consequently, ap(E) = 0 for each of these p’s. When F = Q, the conjecture has been proved
by Pollack and Rubin (see [16]). Then in [7], they consider more general case of this conjecture, and
B. Zhang / Journal of Number Theory 131 (2011) 419–439 439they can prove this conjecture with certain restrictions on φ and F so that they do not need to use p-
adic L-function of supersingular Hilbert modular forms. I believe with the theory of p-adic L-function
of supersingular Hilbert modular forms introduced in this paper, one can apply the discussions in [7]
and give a proof of the above conjecture in the near future.
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